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The generalized Petersen graph G(n, k), 1 ~< k ~< n - 1, is defined as follows: The 
graph G(n, k) has vertices v0, v I ..... v,_ 1, v~, v] ..... v~_ 1 and edges viva+ 1, vlv~+k 
and viv ~ for all i with O<<.i<<.n-1 with all subscripts taken modulo n. In this 
paper we show that for each k > 2 there exists an n(k) such that whenever n>/n(k), 
then G(n, k) has a Hamiltonian cycle. 
1. INTRODUCTION 
The general ized Petersen graph G(n, k), where n /> 2 and 1 ~< k ~< n - 1, is 
t U! defined in the fol lowing way. It has vertices Vo,Vi ..... V,_l ,  vo, V] ..... , - t  
' ' v '  for all i satisfying 0 ~< i ~< n-  1 with all and edges UiUi+l, UiU i and v i k+l 
subscripts taken modulo  n. Some authors do not al low k to be n/2 when n is 
even but we do allow k to be n/2. Watk ins  [5] considered Tait colorings of 
these graphs and raised the question of Hami l ton ian  cycles in them. 
Robertson [4] proved that G(n, 2) has a Hami l ton ian  cycle if and only if 
n ~ 5 (mod 6). Castagna and Prins [3] conjectured that every generalized 
* The authors wish to thank the National Research Council of Canada for support hat 
enabled them to work together at Simon Fraser University in July 1978. The support was 
forthcoming through the first author's NRC Grant A-4792. 
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Petersen graph that is not isomorphic to one of the Robertson exceptions has 
a Hamiltonion cycle. Bondy [2] proved that G(n, 3) is Hamiltonian for n = 4 
and all n >/6. The exceptional case n = 5 is the Petersen graph. Bannai [1] 
has shown that G(n, k) is Hamiltonian when n and k are relatively prime and 
G(n, k) is not isomorphic to G(n, 2) with n---=-5 (mod 6). His methods 
involve working directly with G(n, k) and interchanging edges, if necessary, 
to obtain a Hamiltonia cycle. In this paper, we show that for each k >/3 
there exists an n(k) such that G(n, k) is Hamiltonian for all n ~ n(k). Our 
approach is essentially algorithmic and allows one to easily obtain a 
Hamiltonian cycle. 
2. LATT ICE  MODELS 
We now introduce a model that allows us to search for Hamiltonian 
cycles in a methodical way. We use the particular example of G(13, 5) to 
motivate the method. Consider the lattices points in the plane and label them 
with the lements of ZI3 so that if the lattice point with coordinates (a, b) is 
labelled i, then (a + 1, b) is labelled i + 1 and (a, b - 1) is labelled i + 5. 
Now consider the graph G' on the lattice points shown in Fig. 1. We now 
describe how the graph G' corresponds to a Hamiltonian cycle of G(13, 5). 
Take an Eulerian trail of G' in such a way that if the trail enters a vertex of 
degree 4 along a horizontal edge, then it leaves along the remaining 
horizontal edge. A similar property holds for the vertical edges at a vertex of 
degree 4 in G'. Moving along a vertical edge in G' from a vertex labelled i to 
the vertex labelled i + 5 (or i -  5) corresponds to moving along the edge 
from v~ to v~+ 5 (or v~_5) in G(13, 5). Moving along a horizontal edge in G' 
from a vertex labelled i to the vertex labelled i + 1 (or i - 1) corresponds to 
moving along the edge from v i to vi+ ~ (or vi_l) in G(13, 5). Turning a 
corner at a vertex labelled i from a horizontal edge to a vertical edge (or vice 
versa) in G' corresponds to taking the edge from v i to v~ (or vice versa) in 
G(13, 5). Thus, the Eulerian trail 0, 5, 10, 9, 4, 5, 6, 7, 8, 3, 2, 7, 12, 11, 6, 
! i i r / t 1, 0 in G' yields the Hamiltonian cycle UOUOI.)5UIOUIOU9U9U4UnU51.)6Z)7U8U 8- 
v'3vsV2V'2V'vV'12vlzVllV'llv'6v'1vlV o in G(13,5). The edge roy' o of the cycle 
0 i 2 3 
9 i0 ii 12 
FIGURE 1 
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comes from taking the edge from v 0 where the Eulerian trail terminates in 
G(13, 5) to v~ where the Eulerian trail began in G(13, 5). 
We now generalize this to n and k where 1 ~ k ~ n -- 1. We say the lattice 
points are (n, k)-labelled if the labels are the elements of Z n and (a, b) 
labelled i implies that (a + 1, b) is labelled i + 1 and (a, b - 1) is labelled 
i + k. We form a labelled graph L(n, k) on the lattice points by making 
(a,b) adjacent to (a+ 1, b), (a -1 ,  b), (a,b + 1), and (a ,b -1 )  for all 
(a, b). A subgraph G of L(n, k) is called an h-graph if G has an open or 
closed Eulerian trail that does not-change direction when passing through a 
vertex of degree 4 in G and one of the following holds for each i E Zn : 
(a) exactly one vertex of G is labelled i and it has degree 4, or 
(b) exactly one vertex of G is labelled i, it has degree 2, and it is 
incident with one horizontal edge and one vertical edge, or 
(c) exactly two vertices of G are labelled i and each hag degree 2 with 
one vertex incident with two horizontal edges and the other vertex incident 
with two vertical edges, or 
(d) exactly two vertices of G are labelled i and each has degree 1 with 
one vertex incident with a horizontal edge and the other incident with a 
vertical edge, or 
(e) exactly three vertices are labelled i, two of them have degree 1 and 
are incident with edges of the same direction, and the remaining vertex has 
degree 2 with both its incident edges in the direction orthogonal to the 
direction of the edges incident with the degree 1 vertices labelled i. 
It is easy to see that an h-graph in L(n, k) gives rise to a Hamiltonian 
cycle in G(n, k) by interpreting a vertical edge between i and i + k in the h- 
graph as the edge v~v 'k+l in G(n, k), by interpreting a horizontal edge 
between i and i + 1 in the h-graph as the edge vivi+ 1 in G(n, k), and by inter- 
preting a change in direction at a vertex i of degree 2 in the h-graph as the 
edge viv ~ in G(n, k). In addition, if one starts at a vertex of degree 1 in the h- 
graph and ends at the other vertex of degree 1, this corresponds to a 
Hamiltonian path in G(n, k) which is made into a Hamiltonian cycle by 
adding the edge viv ~ to the path. Using the same interpretation, it is easy to 
convert any Hamiltonian cycle in G(n, k) into an h-graph contained in 
L(n, k). 
3. MAIN RESULT 
In this section we prove the following result. 
THEOREM. For each integer k >/3 there exists an integer n(k) such that 
for all n ~ n(k) it is the case that G(n, k) is Hamiltonian. 
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Proof We prove the theorem by constructing several basic h-graphs and 
amalgamating copies of them. First, consider the case that k is even and 
k ~> 4. Figure 2 is an h-graph for G(4k, k) and Fig. 3 is an h-graph for 
G(4k + 2, k). These are easily verified. 
Figure 4 is an h-graph for G(8k-  1, k) obtained by taking two copies of 
the graph of Fig. 2, identifying the vertex 0 of the second copy with the 
vertex 4k -  1 of the first copy, and then relabelling all the vertices of the 
second copy by adding 4k -  1 to all the labels. Moreover, we can perform 
this kind of amalgamation for as many copies of Fig. 2 and Fig. 3 graphs as 
we choose. That is, each copy that is amalgamated is done by identifying its 
0 vertex with the lower right-hand vertex of the previously amalgamated 
copies and then adding the label of the lower right-hand vertex to the labels 
of all the vertices of the copy being amalgamated. If we take a copies of the 
graph of Fig. 2 and b copies of the graph of Fig. 3, a ~> 1, the amalgamation 
is an h-graph for G(4k + (a - 1) (4k - 1) + b(4k + 1), k). Therefore, we 
have that G(4k + (a - 1) (4k - 1) + b(4k + I), k) is Hamiltonian for all 
integers a ~> 1, b >/0. Since 4k -- 1 and 4k + 1 are successive odd numbers, 
they are relatively prime. Thus, nonnegative integers combinations of them 
generate all integers greater than or equal to (4k -  1)(4k + 1). This proves 
the theorem for k even and k/> 4. 
Now consider the case that k is odd and k/> 3. Figure 5 is an h-graph for 
G(2k, k) and Fig. 6 is an h-graph for G(3k, k). Both of these are easily 
verified. 
0 1 2 3 4 5 k-3 k-2 k- i  k 
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FIGURE 6 
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We again amalgamate copies of these two graphs to complete the proof 
but the amalgamation is more complex in this case. Notice that in the graph 
of Fig. 5 and the graph of Fig. 6, the vertex with maximal abel (2k - 1 and 
3k -  1, respectively) is the rightmost vertex of the bottom row of vertices. If 
we want to amalgamate either one of them with itself or the other one, split 
the graph into two pieces at the maximum label vertex giving two graphs 
each with a vertex of the maximum label. Now take the graph to be 
amalgamated and identify its leftmost 0 labelled vertex with the maximum 
labelled vertex of the split subgraph that also contains the vertices labelled 
1, 2 ..... k -- 1 and identify its rightmost 0 labelled vertex with the maximum 
labelled vertex on the other subgraph. Then add the maximum label to all the 
remaining vertices of the graph being amalgamated. Notice that in the 
resulting subgraph the maximum labelled vertex is still the rightmost vertex 
of the bottom row of vertices. Thus, the resulting graph could be split at its 
maximum labelled vertex for amalgamation of another graph of either Fig. 5 
or 6. In this way, we can amalgamate a/> 1 copies of the graph of Fig. 5 
with b/> 0 copies of the graph of Fig. 6 to produce h-graphs. Figure 7 is an 
amalgamation of the graph of Fig. 5 with itself. Since the preceding produces 
Hamiltonian cycles in G(2k + (a - l)(2k - 1) + b(3k - i), k) and 2k - 1 
and 3k -  1 are relatively prime, G(n, k) is Hamiltonian for all n >/6k 2 -  
3k + 1. This completes the proof. 
4. CONCLUSIONS 
The theorem of this paper shows that k = 2 is an anomolous case. A 
natural question to ask at this point is for k ~ 2 what is the smallest number 
g(k) such that G(n, k) is Hamiltonian for n >/g(k). We know g(1) = 2 and 
g(3) = 6. The answer is not completely trivial since G(6k + 5, 3k + 2) is not 
Hamiltonian because G(6k + 5, 3k + 2) is isomorphic to G(6k + 5, 2) for all 
k/> 0. The isomorphism is given by v i -o w'2i and v~ -o w2i. Also, it is easy to 
show that G(2k, k) is not Hamiltonian for all even k ~> 4. It still may be the 
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case that g(k) is easy to calculate. This would be the case if G(n, k) is not 
Hami l ton ian if and only if G(n, k) is i somorphic  to G(n, 2) with n = 5 
(mod 6) or G(n,k)= G(2k, k) with k even and k>~ 4. I f  there are other 
sporadic exceptions to the Hami l ton ic i ty  of  G(n, k), then g(k) is probably  
difficult to calculate. 
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